Section 11.10 Taylor and Maclaurin Series

We have the power series as » ¢, (x—a)" . If we define a function f(x Z ¢,(x—a)
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Def: Let f wer representatlon (expansion) at x=a. Where
Zc x a " wherg s called a Taylor expansion of f(x) at x =a
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Note: The Taylor polynomials of degree n at center x =a T, (x,¢)= %ci (x— a)O

i=0

Def: Taylor expansion of f(x) at x @s called Maclaurin Series
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@ Ex:  Find the Taylor series of the following function at the center x = a.
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Ex:  Find ]1@ aclaurmiserles of the following functions:

a) f(x)ze" f'?
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Normally, we only interest at Taylor series up to certain degree n. So we f(x)="T,(x)+ R, (x),
where R, (x)is the remainder (error) R, (x)= | flx)-T, (x)

Taylor’s Theorem: 1If fis differentiable through order n + 1 in an open interval I containing a,
then for each x in I, there exists a number ¢ between x and a such that

f(x)= fla)+ f'(@)(x-a)+ f”(a)(x—a)2 +f';(a)(x—a)3 +...+m(x—a)" +R,(x)
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Where R, (x)= ]E . 1(;) (x—a)"

Taylor’s Inequality: 1f ‘ f ("”)(x)‘ < M for |x - a| < d , then the remainder R, (x)of the Taylor

series satisfies the inequality

R, (xx < |x - a|'Hl for |x - a| <d

(n+1)
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Note: lim ad
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= ( for any real number x.



Ex:  Find the Maclaurin series of the function f (x) =sinx. Show that this series converges to
sinx for all real x.
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Ex:  Find the Maclaurin series of the following functions:

a) f(x) X cos(7x )
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Ex:  Using Maelaurinseriesto evaluate the llow.bng: 7
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Ex: a) Evaluatﬂe’“2 dx as an infinite series.
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b) Evalua orrect to within an error q

\ p _ﬁ‘; Q'p \\>/<2.n4'] : T" Q'
\ e

8 @
)

vt o
£ = Z ) ) 7t ]
nlenv) I s (4t 1)

0 n= < ~—_——~—
A |
> \ g 0:00
— X = | = —
Ereot = IQ"\\ < \ f\’\'\\ Q’\\“ (%ﬂ’\'l)’\")
\ o |
| <000
Erro™t £ (nan)! (n+3) —
| _ o501




34n+20

NS
= . C”‘*Ol 4N
Nn=
; o n
@ ;xx;SX@ )
_ XY) N=0 n
- 7)-?' J n
| 2ie
:T: —7'\-‘ X oQX.
n=o




ultiplication and Division of Power Series:
Find the first three nonzero terms in the Mac

Tin $eries for

b) f(x)=tanx



Note: A famous Euler’s formula (Euler identity)

Prove the Euler’s formula: ¢“ =cos@+isiné



